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Propeller Aerodynamic Performance by Vortex-Lattice Method

Makoto Kobayakawa* and Hiroyuki Onumat
Kyoto University, Kyoto, Japan

It is inappropriate to apply classical propeller theories to design an advanced turboprop (ATP). In this
paper, the vortex-lattice method is applied to rotating blades. It is assumed that the flow is inviscid and in-
compressible. However, the compressibility effect is included in the calculations through the Prandtl-Glauert
similarity rule. The other properties characteristics of an ATP, i.e., the effect of displacement velocities, the
interference effect between blades, and the effect of flow deflection by a spinner and nacelle, are introduced
into the calculations. Powers, thrusts, and efficiencies of two kinds of ATP, SR-1 and SR-3, are obtained and
compared with experimental values. The numerical values show that they agree well with the experimental
results of SR-1. However, the former is larger than those of SR-3. This is consistent with the calculations by
Hamilton Standard. The principal reason for this difference is that the portion of the blade near the tip is
distorted by centrifugal force. Using this method, the ATP performance can be calculated accurately below
Mach 0.6. However, the transonic wing theory should be applied for performance estimates at Mach 0.7-0.8.
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Nomenclature
speed of sound
number of blades
power coefficient
thrust coefficient
diameter
influence coefficient, force component
blade surface
advance ratio
Mach number
number of panels
normal vector
number of divisions along spanwise and chord-
wise directions, respectively
power
torque, strength of source
blade radius
thrust
velocity components
velocity vectors
flight speed
displacement velocity
coordinate axes on the blade, nondimensional-
ized by R
pitch angle at 75% radius
circulation
efficiency
swept angle
air density
velocity potential
circular frequency of propeller

ij
k

= control points
= geometric velocity
= induced velocity
= /th and y'th panels
= Arth blade

Superscript
( ) - dimensional quantity
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Introduction

T HE advanced turboprop (ATP) is currently arousing
great interest as a fuel-saving propulsion system for

transport aircraft in the near future. ATP's are trying to im-
prove efficiency from 15 to 30% at a cruise Mach number of
0.8 and from 25 to 40% at Mach 0.7 in comparison with tur-
bofans. Therefore, ATP's are different from conventional
turboprops in the following ways: ATP's have small
diameters, many (8-10) thin and swept blades. Moreover, since
the cruise speed is large, the effect of compressibility on the
propeller performance becomes large. Accordingly, the
classical theories1'2 of propellers should give incorrect estima-
tions for ATP's aerodynamics.

There exist many reports on ATP's, and the developments
are quite advanced at NASA.3'18 Sullivan19 presented attrac-
tive results for swept blades using the vortex-lattice method
(VLM). Recently, Hanson20 applied the acceleration poten-
tial theory to the ATP. Jou21 calculated the pressure
distributions on the ATP blade surface in the transonic range
by solving the perturbation velocity potential equation.

This paper presents the propeller performance calculations
by the vortex-lattice method. For a rotating blade, the
following principles are applied. First, a blade surface is
divided into many trapezoidal panels, each panel represented
by a helical horseshoe vortex. Second, induced velocities
generated by all vortices on the control point of each panel
are calculated by the Biot-Savart law. Boundary conditions
on the blade surface are expressed so that the resultant
velocities of geometric flow and induced flow take their
direction along the surface, and the strength of the vortex in
each panel is determined by these boundary conditions.
Aerodynamic forces acting on the propeller blade are obtained
by the Kutta-Joukowski theorem. Herein, incompressibility
and nonviscosity are assumed throughout the flowfield.
Although the vortex-lattice techniques are applied to the ATP,
the following three effects, characteristic of an ATP, are taken
into account here. First, the displacement velocity effect is in-
troduced by following the classical propeller theory. Its effect
is calculated by iteration. Second, the compressibility effect is
calculated by the Prandtl-Glauert similarity rule. Finally, the
effects of spinner and nacelle are introduced. Incoming flow
to the blade is deflected by the propeller spinner and nacelle.
We use the velocity distribution around an axisymmetric spin-
ner and nacelle as the uniform flowfield to the blade.

As described above, the cruise Mach number of an ATP
transport is 0.7-0.8; thus, the velocity of incoming flow to
the blades is in the transonic range. Therefore, the aero-
dynamic performance of the blade is difficult to estimate by
the VLM. However, the performance below Mach 0.6 can be
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Fig. 1 Coordinate axes and blade division.
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Fig. 2 Helical horseshoe vortex.

estimated accurately using this method and the force
distributions over the blade can be calculated in detail.
Moreover, the CPU times are shorter for these calculations.
Accordingly, this method of calculation can be applied for
the optimal design of an ATP blade.

Vortex-Lattice Method for Propellers
Propeller Geometry

The coordinate axes are fixed on the blade as illustrated in
Fig. 1. To begin, the blade is divided into Ns spanwise sections
by the lines perpendicular to the x axis which are intersections
between the blade surface and the planes parallel with the yz
plane. Then, the blade is divided into NsxNc trapezoidal
panels by dividing the above sections into 7VC parts along the
chordwise direction and connecting these dividing points of all
lines. As illustrated in Fig. 2, a bound vortex and a control
point are put on the quarter chord line (L/7}) and the center of
the three-quarter chord line (C/) of each panel, respectively.

The wake vortices shed from both ends of the bound vortex
proceed along the dividing lines until the trailing edge (JL{TLi
and TjTTj) is reached, and then depart from the blade surface
growing as helical vortices (TL, HL( and TTflT^ to infinity.
The bound vortex and the two trailing helical vortices form a
helical horseshoe vortex.

Induced Velocities
Since ATP's have more blades (8-10) than conventional pro-

pellers (2-4), the interference effects between the blades must
be considered. Then, we give numbers to all of the blades as
follows: Blade 0 is the blade under consideration, and blade k
is the Ath blade following blade 0 in the clockwise direction.
Induced velocities generated by several vortices at the control
point of the yth panel of blade 0 can be calculated using the
Biot-Savart law in the same manner as Ref. 19. The following
three velocities must be calculated.

1) Induced velocity by the bound vortices (LiTi)k

r.
uBijr vBijr wBij

17 -\Tr J (1)

where FuBiji FvBij, and FwBij are influence coefficients which
are the sums of influence coefficients from all blades, since the
circulation of the /th bound vortex F, is the same for all blades
and, therefore, independent of k. Then, the influence coeffi-
cients are expressed as

r etc. (2)

2) Induced velocities by vortices (LiTL{}k and (Tf

v rK/L//° A /

rf-
- F P P P 1\-r uLij r vLij r wLij J

- \-Fu

(3a)

(3b)

3) Induced velocities by helical trailing vortices started from
(TTt)k and (TL,)k

~V—— ~ 4 RV uHL'J ^vHLiJ ^wHLij ] (4a)

vIHTij r,
(4b)~K—~ 4itRV "HTiJ vHTiJ r*HTij

The induced velocity at C, is the sum of the above velocities.

V// = V.IBU + V/£(/ + V/^//- + V////7 + VIHTij

r
7 L^w/y ^w/ ^w(/J

where

uij - FuBij + FuLij + FuTu + FuHLij + ̂ uHTij etc •

(5)

(6)

The induced velocity generated by all vortices is expressed by

K I K v voo L r o o r o o r o c

r- 0 ' r, J5
(7)

Furthermore, the velocity at Cy is

,.

'

(8)

where vGj is the resultant velocity ("geometric velocity") of
the flight speed V^ and the rotating speed of the propeller rw
(r is nondimensionalized by R\ and / is the advance ratio

Boundary Conditions
Boundary conditions at the control point on the blade sur-

face are expressed by the tangency condition of the flow on the
surface as follows:

VCj'nCj = 0 (9)

where wCy is a vector normal to the blade surface at the control
point. If the blade surface is expressed by

z=f(x,y) (10)
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the boundary condition [Eq. (9)] is expanded as follows:

Cj

(11)
where the normal vector is written by

ncj= grad (z-/(^) )c,

and x, y, and z are nondimensionalized by R.

(12)

Circulation Distribution and Forces Acting on the Propeller
Rewriting the boundary condition [Eq. (11)], we have

r.YA f -BLjSiji j^rns ~ J' (13)

Vj : INDUCED VELOCITY

Fig. 3 Displacement velocity.

where pTi is the radius of the helical vortex (see Fig. 2), and 6
the angle of an arbitrary point on the vortex from the x axis.
Equation (18) neglects the effect of induced velocities by
helical vortices. However, flow velocity increases after pass-
ing the propeller, and, moreover, the fluid begins a rotating
motion. Therefore, the "displacement velocity" considera-
tion in the classical propeller theory for this case should be
applied as

x = p TicosO, = p Tisin6

where

i =Fuii

B]

df\
+Fvi

Cj

df\
~

(14)

The above equations are a set of simultaneous linear equa-
tions with Yi/4-KRV^ unknowns. We can obtain the circula-
tion distributions of the blade by solving these equations,
and calculate the forces acting on the bound vortices by the
Kutta-Joukowski theorem as follows:

where p is air density and VBVi the resultant velocity at BVh
the center of the bound vortex L/T,.

We can also calculate thrust, torque, and power per blade
by summing the thrust, torque, and power components over
all of the panels. Therefore, the overall thrust, torque, and
power of the propeller are given by

T= -B £

(FyicosyBVi-FxisinyBVi)fBVi

(16)

The thrust and power coefficients and efficiency are defined
as nondimensional parameters of the propeller as follows:

CT =

where D = 2R and n =

CT (17)

Some Effects of the Flowfield on the Propeller
Displacement Velocity

Coordinates of a helical horseshoe vortex shed from point
TTj on the trailing edge are expressed as follows:

-(e-BTi)+zTTi (18)

(19)

where J/2WTi is the displacement velocity and is unknown in
this case. Seeing the velocity diagram at an arbitrary radius
shown in Fig. 3, the resultant velocity Wis the vector sum of
W0 and Vj. Then, the wake vortex is shed along the z axis
and the shedding speed is V^ + ]Aw. From Fig. 3,

, + F//COS0
ruR

Equation (20) now can be rewritten as

(20)

Furthermore, by

COS(/>

(21)

(22)

the displacement velocity can be calculated by solving Eq.
(21) and substituting the solution into Eq. (22). However, /
cannot be obtained explicitly because the displacement
velocity is included in Eq. (19). Here, we obtained these
velocities by iteration.

Prandtl-Glauert Similarity Rule
As described in the Introduction, using this VLM, it is dif-

ficult to calculate the propeller performance at Mach 0.8
where the flowfield of the blades is in the transonic range.
Shock waves may occur on the blade surface and, therefore,
the aerodynamic characteristics have to be investigated by
transonic wing theory. However, the compressibility effect
below Mach 0.6 can be estimated to some extent by modify-
ing the incompressible calculations using the Prandtl-Glauert
similarity rule.

Since the angle between the bound vortex li=LiTi of fth
panel and the geometric velocity vGBVi at the center of the
vortex is Tr/2- A/, the following relation is derived:

VGBVI'H- I / /1 cos(7r/2-A/) (23)
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Then,

where A/ is the swept angle. Consequently,

(24)

(25)

where Mi is the local Mach number defined by M/ =
\vGBVi\/a0, where a0 is the speed of sound. Following the

Prandtl-Glauert similarity rule, the length of the fth panel is
extended to I//*, times the original length along the chordwise
direction. Therefore, the total chord length is extended to

times.

Flowfield Around Spinner and Nacelle
The uniform flowfield into the propeller, i.e., the flight

speed, is deflected by the spinner and nacelle. In conventional
propeller theory, however, its effect is neglected since the
aspect ratio of the blade is large. We have to consider spinner
and nacelle effects for the ATP, however. Almost all spinners
and nacelles are axisymmetric for the ATP. Therefore, we can
represent the spinner and nacelle by distributing the sources
appropriately along the z axis. The velocity potential of the
flow by sources Qi9 i = !929...9N, and uniform flow V^ is ex-
pressed by

<l>=V00z- Qi
4-K

where

(26)

(27)

If the shape of the spinner and nacelle is given, the boundary
conditions on the surface become a set of simultaneous equa-
tions with Qi as unknowns. The velocity field around the spin-
ner and nacelle can be calculated by

V7 = -
dz -=y-+Z Qi

•(z-ZiYY

Qi
dr 4-n -7.\2-\3/2(z-z,)2} (28)

Numerical Calculations and Discussions
In this section, the preceding methods will be applied to two

kinds of ATP's, SR-1 and SR-3, that have been developed at
Hamilton Standard, and the calculated results will be com-
pared with the experimental values obtained at NASA. The
blade shapes are illustrated in Fig. 4 wherein the dividing lines
along the chordwise direction are shown. The blade surfaces
are divided into 7VS X7VC= 10 X 10= 100 for SR = \ and
12 x 10 - 120 for SR = 3. An NACA 16-series airfoil is used for
the blade cross sections. The following considerations are in-
cluded in the calculations.

1) In the calculations of induced velocities, the upper
bounds of numerical integration terminate at 4?r (two revolu-
tions) along the helical vortices because the flight speed for the
ATP is large.

2) Induced velocities are calculated from all blades.
3) The drag force components are added to FX9 Fy, and Fz at

the force calculation stage. The experimental values22'23 of
two-dimensional drag force acts on the blade along the incom-
ing flow direction.

Fig. 4 Propeller configurations.

0.3 5R
0.25R

SOURCE DISTRIBUTION

Fig. 5 Flow around spinner and nacelle.

4) In the displacement velocity calculations, the initial value
is set at zero. The iteration converges approximately five
times.24

5) The flight Mach number is taken to be 0.6 (constant) for
all cases. The Prandtl-Glauert similarity rule is applied for this
Mach number.

6) For the spinner and nacelle calculations, a simple con-
figuration is used, as shown in Fig. 5. The flowfield around
the spinner and nacelle and the source distribution are il-
lustrated in Fig. 5 as well.

The pitch angles at 75% radius, /30 75R, are taken as 54, 56,
and 58 deg for SR-1, and 59.3, 61.3, and 63.3 deg for SR-3.
The circulation distributions of SR-3 (ft0 75R =61.3 deg, 7=3)
are shown in Fig. 6. The outer figure illustrates the span wise
distribution and the inner figure shows the chordwise distribu-
tions at 40, 77.5, and 97.5% of the blade radius. Efficiencies
(17) and power coefficients (CP) of SR-1 and SR-3 are com-
pared with the experimental values and are shown in Figs. 7
and 8, respectively. The numerical results of SR-1 agree well
with the experimental values. However, for the case of SR-3,
the numerical results of CP are larger than of the experimental
results. On the other hand, the numerical results of t\ agree
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Fig. 6 Circulation distributions of SR-3.
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Fig. 8 Power coefficients and efficiencies of SR-3.
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Fig. 7 Power coefficients and efficiencies of SR-1.

well with those of experiments for small /, but become larger
when J becomes large. Looking at this figure carefully, the
numerical results of CP agree with the experimental results for
the case of PO.?SR ^wo deg smaller. In Fig. 8, the calculated
results by Hamilton Standard (H409) are also illustrated,
where f30 75R is 57.8 deg. Noticing the fact that (3075R of H409 is
less than 180.757? °f this case (59.3 deg) for 1.5 deg, it may be
considered that the results are consistent with each other.

The main reason for the differences between the experimen-
tal values and the calculations might be centrifugal force, i.e.,
the blade portion near the tip is distorted by centrifugal force.
The torsional moment distributions acting on the blades from
centrifugal force are shown in Fig. 9. By this figure, it is clear
that the moment generated on SR-3 is larger than on SR-1.
Especially the moment level on SR-3 where the peak is near
0.85/?. The torsional moment by aerodynamic forces should
also be considered as the reason of the reduced pitch angle,
however, that is very small.

2.0

dM
dx 1.0

SR-3

SR-1

0.25 0.5 0.75 1.0

Fig. 9 Torsional moment distributions.
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Fig. 10 Compressibility effect on SR-1.
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Fig. 11 Flow deflection effect on SR-3.

Finally, in Figs. 10 and 11, the effects of the Prandtl-
Glauert similarity rule and flow deflection by the spinner and
nacelle are shown. The results including these effects become
closer to the experimental values than those without these
effects.

Conclusions
It is inappropriate to apply the classical propeller theory to

design on advanced turboprop (ATP). Several methods and
techniques are developed to estimate the aerodynamic perfor-
mances of an ATP. In this paper, the vortex-lattice method is
applied to rotating blades. In particular, the following points
for rotating blades of ATP are taken into account: 1) displace-
ment velocities, 2) the Prandtl-Glauert similarity rule, 3) in-
terference effects between blades, and 4) flow deflection by
the spinner and nacelle.

Numerical calculations are performed for two kinds of
ATP—SR-1 and SR-3—developed at Hamilton Standard, and
are compared with experimental values obtained at NASA.
The results of calculations show that the numerical values for
SR-1 agree well with the experimental values. However, for
SR-3, the former is larger than the latter. This fact is consis-
tent with the calculations by Hamilton Standard. The prin-
cipal reason for these differences is that the blades are
distorted by centrifugal force.
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